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Thin-Airfoil Theory of an Ejector-Flapped Wing Section
Henry W. Woolard*

U.S. Air Force Flight Dynamics Laboratory, Wright-Patterson Air Force Base, Ohio

A theoretical analysis of the aerodynamics of a thin ejector-flapped wing section (augmentor
wing) is presented. The idealized external and internal (ejector) flowfields and their approximate
interfacing are treated. The linearized external flowfield analysis is an extension of Spence's meth-
od for jet-flapped airfoils. Summary curves of the section lift and pitching-moment characteristics
and their relation to the ejector characteristics are presented. Fourier coefficients are tabulated for
use in calculating airfoil surface pressure distributions and other flowfield details. The idealized lift
performance of an ejector-flapped wing relative to a jet augmented flapped wing is compared and
the ejector-flapped wing is found to be substantially superior at low forward-speed ratios. The rela-
tion of the present work to that of Y. Y. Chan is noted.

Nomenclature

A = cross-sectional area
bf = ejector-flap span
c = airfoil chord (c = 1 in external aerodynamics analysis)
c/ = flap chord
Ch — flap hinge-moment coefficient about flap leading edge,

based on c/2 (positive, trailing-edge down)
Cj — primary-jet installed momentum coefficient, pUj2hj/g c
c] = primary-jet uninstalled momentum coefficient xp£7 /

2 /? / /c/ c
c'j* = primary-jet test momentum coefficient, pUjhjUj/q ^c
Cj = ejector exit-flow momentum coefficient, pU^hK/q-^ c
d = lift coefficient
c m = airfoil nose-up pitching-moment coefficient about the

leading edge
Cnf — flaP normal-force coefficient
cp = pressure coefficient, (p ~ Poa)/q-00\ f°r small perturbations,

CQ = thin-airfoil suction coefficient, Q/Um°c
C(j = ejector net suction coefficient, (u,s — U^hs/U^'c
CQ = ejector gross suction coefficient, U^/LI^c', (CQ = CQ

+ h./c)
CT - ejection net-thrust coefficient, (pL/>;2/i/.; - pUJJ'^ hsjq^c
ct = primary-jet uninstalled net thrust coefficient, pU,(U, -

En - Fourier coefficients for trailing jet-sheet vorticity distribu-
tion

f(x) = nondimensional vorticity distribution along the airfoil,

g'(x) = nondimensional vorticity distribution along the trailing jet
sheet, g'(x] — y ( x } / U f 0 c
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h(>, hi-: — heights at ejector diffuser inlet and exit, respectively
hj = mean height of ejector primary -jet nozzle, A ,/bf
fos = mean height of ejector secondary flow passage at primary-

jet,A. s/fe,
p = static pressure
P = total pressure
qm — freestream dynamic pressure, (/>/2)(7c o

2

Q — two-dimensional ideal flow sink strength
= local velocity parallel to freestream
— perturbation velocity, (u — Um-)
= mean local axial velocity within the ejector (except UM)

Uj = primary-jet uninstalled isentropic velocity, [(2//;)(P/ —
P*.)]1'2

Ux = Ux/Uj, where j = / , ,s, E, etc.
f/oo = freestream velocity
/7«, ~ forward-speed parameter, U^/U,
w = downwash velocity, positive downward
jc,y = rectangular coordinates, see Fig. 2
xs = chordwise location of sink on airfoil of unit chord
X =[ ! - ( ! -x)1 2]/[H-(l -x)1 2]
a = angle of attack
7 = vorticity, dV/dx or (u'u ~ u ' i )
Y = total circulation
df = trailing-edge flap deflection angle, positive for trailing-

edge down
e = local slope of airfoil surface
0, <f = polar coordinates defined by Eq. (27)
A - 4/c.;
£ , 7 7 = dummy variables
P = density
(j = (7 - 1 for an upper-surface sink, a = -1 for a lower-surface

sink
HD = ejector diffuser area ratio, A// /A r
Subscripts and Superscripts
il j = ejector injection area ratio, AS/A /
a = denotes the airfoil
J = denotes the trailing jet sheet
T = denotes the trailing streamline for an unblown airfoil

= denotes differentiation with respect to the indicated argu-
ment (except uf]

D = denotes the diffuser
e = ejector station e, see Fig. 6
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E — ejector station E, see Fig. 6
EF — denotes an ejector-flapped wing
/ = denotes the trailing-edge flap
j — denotes station7 and the ejector primary jet, see Fig. 6
JF ~- denotes a jet-augmented-flapped wing
/ = lower surface
Q = denotes a quantity associated with the unblown suction

airfoil
QJ = denotes an interference quantity due to a tangentially-

blown trailing jet sheet on a flat-plate suction airfoil at
zero angle of attack

s = denotes the ejector secondary flow (except x.s)
u = upper surface
aj ~ denotes an interference quantity due to a tangentially-

blown trailing jet sheet on a flat plate at angle of
attack; includes the jet-reaction contribution when ap-
plied to force and moment coefficients

dfj = denotes an interference quantity due to a tangentially-
blown trailing jet sheet on a flapped airfoil at zero angle
of attack and flap deflection, b f \ includes the jet-reaction
contribution when applied to force and moment coef-
ficients

a = due to a (not a partial derivative)
df = due to 5f (not a partial derivative)
°° = denotes a freestream quantity

- denotes quantities associated with isentropic flow from
Pjtop

- denotes a velocity normalized by dividing by (//
= denotes a mean quantity

Introduction

WITHIN the last two decades considerable numbers of
high-lift concepts for V/STOL aircraft have been pro-
posed. One among these is the ejector-flapped wing (Fig.
1) also known as the augmentor wing, the ejector wing,
the augmented jet-flap wing, etc. The ejector-flapped
wing operates on a principle similar to the ordinary jet-
flapped wing in that use is made of a trailing jet sheet to
increase the circulation about the wing itself. It differs
from the jet-flapped wing in the presence of ejector air in-
takes and the existence of an augmented trailing-edge
momentum flux resulting from the ejector action. Since
the augmented trailing-edge momentum flux is an inter-
nal-flow phenomenon, the basic difference in the external
aerodynamics of the two systems is due to the air-intake
flows. The intake flows behave as sink flows and are not
accounted for in the usual jet-flap theory.1 '2

Chan3'4 has performed a theoretical analysis of an ejec-
tor-flapped wing based on a linearized thin-airfoil mathe-
matical model which takes into account the intake sink
flows. This paper treats the same theoretical model as
does Chan, but by means of a different mathematical-
numerical technique. The differences in the methodolo-
gies are briefly described in Ref. 5. As a consequence of a
formulation in terms of permanently recorded Fourier
coefficients, the present method is more versatile and
more easily applied to the determination of distributed
aerodynamic characteristics (surface pressures, local
loads, and jet-sheet shape) than is the method of Chan.
This paper also considers flap-hinge moments, whereas
Chan does not. Additionally, the ejector flow characteris-
tics are analyzed and the interfacing of the ejector inter-
nal flow with the external flow is studied. For comparable
aerodynamic properties, the numerical results obtained by
the two methods generally are in good agreement.

UPPER INTAKE

PRIMARY NOZZLE

UPPER SHROUD

LOWER SHROUD

EJECTOR FLAP

JET EXHAUST

Analysis

Total Aerodynamics

A thin-airfoil representation of an ejector-flapped wing
section having an upper intake only is shown in Fig. 2.
The main airfoil and flap are approximated by straight
lines, the ejector net intake flow by a surface sinkf (not
necessarily at the flap knee, but usually taken there), and
the actual jet sheet of finite thickness by an infinitesimal-
ly thin sheet having a finite internal momentum. In this
approximation the ejector intake and exhaust openings
are required to be small relative to the airfoil chord. The
internal and external flowfields are not required to match
in fine detail at their interface, but the values of the ejec-
tor intake net mass flow and ejector exhaust total momen-
tum flux must match those used in external flow aerody-
namics.

Although Fig. 2 is illustrative of an ejector flap with an
upper intake only, the solution obtained in this paper is
valid for any sink (or source) location on the wing upper
or lower surface. Since flow solutions are additive in the
linearized treatment, a solution for an ejector flap having
both upper and lower surface intakes is obtained by adding
the individual solutions for upper and lower surface sinks.
Additionally, solutions are additive for a series of sinks at
different chordwise positions.

This paper is concerned only with "regular blowing,"
that is, blowing in which the jet leaves the trailing edge
tangential!y, as distinguished from "singular blowing," in
which the jet leaves the trailing edge at an angle r. In
view of the linearity of solutions, Spence's1 singular-blow-
ing solution may be added to the present one if required.

The flow of Fig. 2 consists of three additive compo-
nents: 1) the flow about a flat plate at angle of attack
with regular blowing; 2) the flow about a flapped airfoil at
zero angle of attack with regular blowing; 3) the flow
about a flat-plate suction airfoil at zero angle of attack
with regular blowing, as illustrated in Fig. 3. Note that
the term "flat-plate suction airfoil" refers to a flat plate
with a surface sink, i.e., a sink flow asymmetric to the x
axis. Spence1'2 solved the flows of Items 1 and 2, Item 3 is
solved in this paper. The solution is accomplished by con-
sidering the given flow to consist of the sum of a known
flow about an unblown flat-plate suction airfoil at zero
angle of attack and an unknown interference flow associ-
ated with the trailing-edge blowing. The interference-flow
solution is obtained by means of an adaptation of Spen-
ce's method.

The principal aerodynamic characteristics of the ejec-
tor-flapped wing are summarized by

«V (D

(2)

v ( / > =r a , ( r5/j-
(J)

CT =

3cn//98/)5/ + (dcnf/QcQ)cQ (6)

- 2(cQ + hs/c) (8)

LOWER INTAKE-
THICK JET SHEET-

Fig, 1 Ejector-flapped wing section.
f A sink for which the flow enters a point from only one side of a

surface.
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0.4

Fig. 2 Thin-airfoil representation of an ejector-flapped wing
section with an upper-surface intake onl>7.

where, if "a" represents any one of the coefficients, c/,
Cm0 , Cnf, and c/i, and "t" represents any one of the pa-
rameters, a, <5/, and CQ, in Eqs. (4-7) we may write

(aa/a/) - (9a/9/-)f + (aa /a / ) f j (9)
In Eqs. (1-3) and (9), a single subscript denotes that the
affected quantity is due to variations in the subscript pa-
rameter without trailing-edge blowing. The double sub-
script (containing J and its antecedent) denotes the inter-
ference contribution of the affected quantity due to trail-
ing-edge blowing and variations in the parameter anteced-
ent to J. When applied to force and moment coefficients.
a double subscripted term includes the jet-reaction contri-
bution. Ttu determination of the quantities subscripted
with Q or QJ are the subject of this paper. The remaining
quantities in Eqs. (1-8) generally are available in the
technical literature. For details, see Ref. 5.

Flat-Plate Suction Airfoil Without Blowing

The problem under consideration in this section is the
zero-angle-of-attack flow about an unblown flat plate with
a surface sink on its upper surface, as would be illustrated
by Fig. 3 if the jet sheet were absent. The problem is
solved by conformally mapping the flow about a circular
cylinder into that about a flat plate. In the circle plane,
the flow consists of a uniform stream flowing past a circu-
lar cylinder with circulation, a sink on its surface, and a
source of half the sink strength at the circle's center, The
circulation is specified by enforcing the Kutta condition
at the trailing edge of the flat plate.

From the potential flow equations6 for the aforemen-
tioned flow, it can be shown that the perturbation velocity
distributions on the surfaces of the flat plate are given by

± ac _

-~
(10)

where jc.s denotes the chordwise sink location on a flat
plate of unit chord. The parameter a is assigned a value of
1 for a sink on the upper surface, and a value of —1 for a
sink on the lower surface, and the upper and lower signs
apply, respectively, for points on the upper and lower sur-
faces. The suction -flow coefficient CQ is positive for a sink
flow and is based on the total volumetric flow into the
sink on the flat plate surface.

The vorticity is defined by 7 = (u'u - u f , ) . Substituting

SINK--

THIN JET SHEET--

Fig. 3 Flat-plate suction airfoil with trailing-edge regular
blowing.

- -0.8 -? 8Cn

arj;

Fig. 4 Lift and pitehing-moment characteristics of a flat-
plate suction airfoil with trailing-edge regular blowing.

Eq. (10) in the vorticity relation yields the following for
the vorticity distribution along the flat plate

(11)
It is important to note from Eq. (10) that (U'I)Q ^

-(uf
u)Q- Therefore, U'Q ^ 7^/2, and if airfoil surface

pressure distributions are required, Eq. (10) and not Eq.
(11), must be used for this purpose.

In principle, the vorticity distribution for an arbitrary
sink distribution, CQ(XK), over a finite region of the airfoil
can be obtained by integrating Eq. (11) with respect5 to
X s -

The lift coefficient and the nose-up pitching-moment
coefficient about the leading edge are given, respectively,
by

6> 0 =2f 1 (y Q
( a >/C/ Jdx (12)y ' o

(O 0=-2/ x(yQ^/Ujdx (13)o - Q

Substituting Eq. (11) in Eqs. (12) and (13), integrating,
and taking the partial derivative with respect to CQ yields

(*Cs/acQ)Q=2a[Xs/(l-xs)]i'2 (14)

(*cmo/acQ)Q - -a(2*, - l)k,/(l - *s)]1/2 (15)

If it is assumed that the intake sink is located at the
flap-hinge point, the suction-airfoil contributions to the
flap normal force and hinge moment are given by

(6V)0 = 2(c/cf) J (y0
te)/r; Jdx (16)

(ch)Q = -2(c/C/)2 [ (x - x^(yQ^/Ujdx (17)
rs

Substitution of Eq. (11) in Eq. (16) yields a divergent
integral for (cnf)Q. Hence, the present method fails for
this property. A rough approximation to (cnf)Q can be ob-
tained by replacing the lower limit on the integral by jcs +
(hi/2), where h, is the mean height of the injector inlet.

Substituting Eq. (11) in Eq. (17), integrating, and tak-
ing the partial derivative with respect to CQ yields

-x s)]1 / 2cos- t(2x s-l)} (18)

Replacing w(x) by U^y'(x) in the downwash equation
yields the following expression from which the trailing
streamline shape may be determined
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• x ) (19)
"0

Substituting Eq. (11) in Eq. (19), integrating with respect
to £ for x > 1 with the aid of Spence's1 Eqs. (57) and (66),
and finally integrating with respect to x, yields the fol-
lowing result for the shape of the trailing streamline

where

F(x,xs) = —(n/2)(xs — #S
2)1/2 + ^(2x — 1)4^120^ - x)i/2

4- 2x — 1 1 + Hn I (x — I)1 ̂ 2 + #1 / / 21 — (x

- x2}1-/2 sin 'l[(2xxs -x- xs)/ \x-xs\] (21)

Equation (20) is numerically in agreement with Chan's re-
sult (Fig. 13 of Ref. 4) for Cf/ = 0 and xs = 0.7.

Flat-Plate Suction Airfoil at Zero Angle of Attack with
Regular Blowing

The flow problem is illustrated in Fig. 3. The governing
equations are Eqs. (50) and (51) in Spence.1 These equa-
tions are a pair of coupled integro-differential equations
involving the vorticity distributions on the airfoil and jet
sheet and the airfoil and jet-sheet slopes. In Spence's1 ap-
plications, the nondimensional vorticity distribution, f(x),
on the airfoil is "a priori" unknown. In the present appli-
cation, f(x) is the sum of an unknown distribution and the
known distribution for the unblown flat-plate suction air-
foil . It is convenient to write

f(Y\ _ f (Y\ i f (Y\ ((y<y\J \x) — j Q \xj -r j Q j \x) \&*)

where /QJ(X) is the unknown vorticity distribution induced
on the plate by the jet sheet in the presence of the un-
blown suction airfoil, and /Q(X) is the known distribution
given by Eq. (11). Noting that t(x) = 0 in the present
problem, substituting Eq. (22), with /Q(X) replaced by Eq.
(11), into Spence's1 Eqs. (50) and (51), and evaluating the
appropriate integrals by means of Eqs. (65) and (66) in
Spence's1 paper yields the following

1/2

= 0

(0 1) (23)

i - acv

(x > 1) (24)
where g(x) — ~(%)c./yY^A and the boundary conditions
are#(l) = g(<*>) = 0.

Equations (23) and (24) are of the same general form as
Spence's Eqs. (50) and (51), with t(x) set equal to zero.
The methods used by Spence1 to reduce his pair of equa-
tions to a single integro-differential equation, and to solve
for the interference vorticity distribution along the airfoil,
therefore, also may be applied to Eqs. (23) and (24). Re-
placing g(x) by 2cQG(x) and applying the procedure out-
lined on pp. 53 and 54 of Ref. 1 to Eqs. (23) and (24)
yields the following integro-differential equation for the
unknown vorticity distribution, G(x), on the trailing jet
sheet

1/2 * /2

(AS - x)-1 (25)

with x > 1 and G(l) = G(°°) = 0. Also, by the methods of
pp. 53 and 54 of Ref. 1, it may be shown that

TI — x

(26)
where G'(rj) is obtained from the solution of Eq. (25).

Equation (25) may be conveniently transformed by the
substitutions

x = cos-2(<?/2), ?? = cos-2(6>/2) (27)

The function G'(<p), where G'M = dGM/dv, is now ex-
panded in the Fourier series

(28)
n=0

in the range 0 < <p < TT. The corresponding series for G(<p)
is

G(<p) = 7^En(2 cos^(p cosntp
n=Q

+ 4n sin ~<p sinncp)/(4n2 - 1) (29)
Changing variables in Eq. (25), substituting Eqs. (28) and
(29) in the result, and evaluating the resulting integrals
with the aid of Spence's Eqs. (87) and (88) yields the fol-
lowing

EQsin<p +J^En(l + coscp] sinncp + 2XG ((/?)/ cos ̂
n=\ ' ' 2

= (a/7r)Uy(l - x s ) ] l / 2 sin<p/[xs(l + cos<p) - 2 | (30)

where G(<p) is given by Eq. (29).
Equation (30) is solved by satisfying it at N pivotal

points yielding N simultaneous equations. The pivotal
points are determined by

(pm = m-n/N, m = 0, 1, 2, . . . N - 1

Equation (30) then yields

where

bmn =

(n = 0)
(n > 0)

(31)

(32)

(33)

(34)

(35)

-2]
(36)

The coefficients listed in Eqs. (33-36) were calculated to
15 decimal places for N = 9, xs = 0.5, 0.6, 0.7, 0.8, and
0.9, and a = 1. The sets of nine simultaneous equations
resulting from the foregoing values of xs and for values of
cj equal to 0.25, 0.5, 1.0, 2.0, 4.0, and 6.0 were solved on a
CDC 6600 digital computer. The values of En so obtained
are recorded in Table 1.

Transforming Eq. (26) to the <p and 6 variables accord-
ing to Eqs. (27), substituting Eq. (28) in the resulting in-
tegrand, integrating with the help of Spence's1 Eqs. (87)
and (88), and finally transforming back to the x variable
yields the following for the interference vorticity distribu-
tion along the airfoil

N-i
= 2vcQ[2E0X/(l ^-3/2 (37)

where X = X(x) as given in the nomenclature. The corre-
sponding surface perturbation velocities are given by

«V =±v 0 / a ) /2 (38)
where the upper sign applies to the upper surface and the
lower sign to the lower surface. Other aerodynamic prop-
erties may be obtained by noting that the mathematics is
analogous to that of Spence1 for regular blowing with CQ
replacing a and En replacing Bn. Hence, by comparison
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Table 1 Fourier coefficients for a flat-plate suction airfoil with trailing-edge regular blowing (a = 1)

z.
0.5 0

1
2
3
4
5
6
7
8

0.6 0
1
2
3
4
5
6
7
8

0.7 0
1
2
3
4
5
6
7
8

0.8 0
1
2
3
4
5
6
7
8

0.9 0
1
2
3
4
5
6
7
8

cj = 0.25

-0.0075
-0.0186
-0.0147
-0.0069
-0.0040
-0.0020
-0.0013
-0.0007
-0.0003
-0.0108
-0.0266
-0.0220
-0.0112
-0.0064
-0.0033
-0.0020
-0.0010
-0.0005
-0.0166
-0.0402
-0.0348
-0.0197
-0.0114
-0.0060
-0.0036
-0.0018
-0.0009
-0.0285
-0.0678
-0.0621
-0.0396
-0.0244
-0.0136
-0.0079
-0.0041.
-0.0019
-0.0651
-0.1503
-0.1471
-0.1102
-0.0767
-0.0487
-0.0301
-0.0168
-0.0077

cj = 0.50
-0.0114
-0.0290
-0.0209
-0.0071
-0.0037
-0.0014
-0.0010
-0.0004
-0.0003
-0.0162
-0.0410
-0.0311
-0.0122
-0.0061
-0.0024
-0.0016
-0.0006
-0.0004
-0.0244
-0.0608
-0.0490
-0.0223
-0.0112
-0.0048
-0.0028
-0.0012
-0.0006
-0.0411
-0.1002
-0.0865
-0.0468
-0.0253
-0.0119
-0.0065
-0.0029
-0.0014
-0.0903
-0.2130
-0.1997
-0.1337
-0.0845
-0.0484
-0.0281
-0.0145
-0.0066

3»
Cj = 1

-0.0163
-0.0430
-0.0268
-0.0049
-0.0029
-0.0007
-0.0008
-0.0001
-0.0002
-0.0230
-0.0599
-0.0400
-0.0098
-0.0048
-0.0013
-0.0012
-0.0002
-0.0003
-0.0341
-0.0874
-0.0631
-0.0203
-0.0094
-0.0030
-0.0021
-0.0006
-0.0005
-0.0561
-0.1405
-0.1106
-0.0469
-0.0228
-0.0091
-0.0051
-0.001S
-0.0010
-0.1181
-0.2858
-0.250S
-0.1440
-0.0839
-0.0442
-0.0250
-0.0121
-0.0055

cj = 2

-0.0222
-0.0605
-0.0305
+ 0.0003
-0.0031
+ 0.0001
-0.0008
+0.0001
-0.0002
-0.0310
-O.OS32
-0.0461
-0.0033
-0.0046
-0.0002
-0.0011
+0.0001
-0.0003
-0.0452
-0.1193
-0.0732
-0.0126
-0.0085
--0.0015
-O.OOIS
-0.0001
-0.0004
-0.0724
-0.1869
-0.1290
-0.0382
-0.020S
-0.0066
-0.0043
-0.0010
-0.0009
-0.1 468
-0.3647
-0.290S
-0.1376
-O.OSOS
-0.039S
-0.0230
-0.0102
-0.0050

cj = 4

-0.02S8
-0.0808
-0.0295
4 0.0071
-0.0058
+0.0019
-0.0013
+ 0.0005
-0.0003
-0.0396
-0.1096
-0.0461
+0.0054
-0.0076
+0.0018
-0.0016
+ 0.0005
-0.0004
-0.056S
-0.1546
-0.0753
-0.0013
-0.0116
+0.0011
-0.0022
+0.0005
-0.0005
-0.0891
-0.2368
-0.1359
-0.0236
-0.0238
-0.0033
-0.0045
-0.0002
-0.0009
-0.1743
-0.4449
-0.3110
-0.1194
-0.0835
-0.0349
-0.0224
-O.OOS9
-0.004S

(V = 6

-0.0327
-0.0935
-0.0259
+ 0.0105
-O.W86
+0.0039
-0.0023
+0.0010
-0.0005
-0.0447
-0.1259
-0.0423
+ O.OU99
-0.0110
+ 0.0042
-0.0027
4-0.0011
-0.0006
-0.0635
-0.1760
-0.0716
+0.0048
-0.0155
+ 0.0039
-0.0034
+0.0012
-0.0007
-0.0985
-0.2662
-0.1330
-0.0153
-0.0284
+ 0.0003
-0.0058
+ 0.0006
-0.0011
-0.1893
-0.4904
-0.3116
-0.1077
-0.0892
-0.0300
-0.0237
-0.0078
-0.0049

with Spence,i

n=0

- 1) (39)

(40)

(41)

(42)

general integral A/"^(y) (identified differently by Hay-
ashi) which is required in determining the flap normal
force and hinge -moment coefficients.

If, as for the unblown airfoil, we assume that the intake
is located at the flap-hinge point, the interference contri-
bution to the flap normal -force and hinge -moment coeffi-
cients are defined by Eqs. (16) and (17) with the "Q" sub-
scripted quantities replaced by "QJ" subscripted quan-
tities. Substitution of Rq. (37) in the resulting relations
yields

n=0

where

" 8 • (m=0,l;» = 0) (43)

= 0,1;M = 1,2. ..) (44)

n=0

(45)

(46)

Spence* comments that the integrals 7»^(0) can be eval-
uated by recursion formulas. He does not supply the ana-
lytic results, but does provide numerical values through n
= 8. Hayashi? provides analytic relations for the more

Analogous relations for the flap normal force and hinge-
moment coefficients are not available from Spence^ since
he does not treat these analytically, but provides selected
numeric results only. A specific aerodynamic characteris-
tic for the flat-plate suction airfoil at zero angle of attack
with regular blowing is the sum of the unblown character-
istic denoted by the subscript Q and the interference
characteristic denoted by the subscript QJ.

Curves showing (6c;/c)CQ)/(7 and (acmj/dco)/? as a
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function of cj for several sink locations are presented in
Fig. 4. Similar curves are presented by Chan.3 The differ-
ences in magnitudes as calculated by Chan and the pres-
ent author generally are less than about 5%. It is observed
in Fig. 4 that the sink effect becomes stronger as the sink
approaches the trailing edge, a well-known property of
suction airfoils. It is seen also that for a sink on the upper
surface, the interference effect of the jet sheet decreases
the lift coefficient and increases the nose-up pitching-
momentum coefficient.

If, for an ejector-flapped airfoil with an upper surface
intake only, the curves of (dci/dcy) in Fig. 4 are compared
with the jet-augmented flap-effectiveness curves, (dc//
ddf), of Ref. 2 on the basis that CQ and 5^ are of the same
order of magnitude, it can be seen (as noted by Chan3)
that the suction-effect contribution to the lift is quite ap-
preciable. For a 30% flap and cj = 1, for example, the
suction-effect contribution to the lift is approximately
40% of that due to the basic jet-augmented flap. It is one
of the purposes of this paper to estimate CQ by means of
idealized ejector-flow relations and thereby determine in
more detail those conditions under which the suction-ef-
fect contribution to the lift is significant.

Suction Coefficient

The analysis thus far has been concerned with a thin-
airfoil approximation in which the real airfoil and the
ejector shroud (or shrouds) are taken to lie on a single
skeletal line. A real ejector-flapped wing, however, has a
finite-height intake (or intakes) and a question arises re-
garding the application of a limiting process in which the
intake height is reduced to zero in a manner such that the
thin-airfoil aerodynamics most appropriately represents
the real-airfoil aerodynamics. Since the thin-airfoil ap-
proximation is an imperfect representation of the real
flow, there cannot be a one-to-one correspondence be-
tween the real and theoretical flows, and a decision must
be made regarding which properties are to be matched in
a thin-airfoil representation. Certainly the lift coefficient
is an important quantity to be conserved. The thrust coef-
ficient is of lesser importance in the thin-airfoil represen-
tation since it is easily determined from considerations of
conservation of global momentum applied directly to the
real flow. As an intermediate step to taking the limiting
process, consider the "idealized real wing" shown in Fig. 5
representing a real ejector-flapped wing (with upper
shroud only) at zero angle of attack and zero flap deflec-
tion. In this representation, the main airfoil and the
shroud are of infinitesimal thickness, but the total airfoil
is not a thin airfoil because of the small, but finite, intake
height (exaggerated in the figure for clarity). For an arbi-
trary intake flow in Fig. 5, there is no formal procedure
for applying a limiting process in which the lift coefficient
is held constant. However, as will be shown subsequently,
the appropriate limit can be obtained by inductive rea-
soning. On the other hand, the limit in which the intake
mass flow is held constant while the intake height is re-
duced to zero is easily implemented by simply taking the
theoretical sink mass flow equal to the gross intake mass
flow of the real wing. In this case, the suction coefficient
used in the theoretical relations is the ejector gross suc-
tion coefficient, CQ. Use of the gross suction coefficient is
advocated by Chan4'8 and by Lopez and Halsey9 of Doug-
las Aircraft Company. The present writer advocates the
use of the ejector net suction coefficient, CQ, since it is
shown below that, for a particular case, the use of the gross
suction coefficient fails to yield the proper lift coefficient.
For purposes of the present argument, the idealized real
flow in Fig. 5 is taken to be the real flow since the intake
has a finite height. Now consider a flow in which the in-
take capture streamline is parallel to the main airfoil as
shown by the dashed line afb in Fig. 5. For this situation,

-CAPTURE STREAMLINE,CQ*O
.-CAPTURE STREAMLINE,CQ=O

^-——— SHROUD

I A I R F O I L (WITH I N T E R N A L D U C T )

Fig. 5 Idealized ejector-flapped wing section defining CQ = 0.

CQ = 0 and CQ = hs/c. Since in this case all the stream-
lines of the idealized real flow are parallel, there is no lift
(or moment) on the real wing, hence the thin-airfoil
theory should yield zero lift and moment. Use of the ejec-
tor net suction coefficient, CQ = 0, in the thin-airfoil re-
sults of Fig. 4 for this case, yields the proper zero lift and
moment; use of the ejector gross suction coefficient, CQ =
hK/c, however, yields incorrect nonzero values for the lift
and moment. It follows that the thin-airfoil lift and mo-
ment coefficients based on CQ will be in error also for an
arbitrary intake mass flow (CQ ̂  hs/c). The foregoing dif-
ferences are discussed from a slightly different viewpoint
in Ref. 5.

Although matching of the thin-airfoil and real flows by
means of the net suction coefficient yields the proper lift
and pitching-moment coefficients in the thin-airfoil ap-
proximation, it fails to give the correct thrust coefficient.
This latter property [see Eq. (8)], as previously noted, is
easily obtained from the real flow. Inconsistencies of this
type are characteristic of approximate representations of
complicated flows, J and are tolerated for the purposes of
obtaining an engineering estimate of the problem being
solved. It is believed that the foregoing arguments support
the contention that the ejector net suction coefficient, CQ,
is the proper coefficient to use in the thin-airfoil approxi-
mation.

One-Dimensional Ejector-Flow Relations

A schematic representation of an ejector flap is given in
Fig. 6. The ejector internal flow is taken to be incom-
pressible and is analyzed on the basis of assumptions that
the flow properties are uniform at any given cross-section-
al station and there are no flow losses except those due to
mixing. It is recognized that this is an oversimplification
for aircraft design purposes. The purpose here, however, is
to delineate the general characteristics of the integrated
external-internal aerodynamic system, and this is best ac-
complished by keeping the mathematical modeling as
simple as possible.

The primary air is injected at station j (see Fig. 6), and

Fig. 6 Schematic representation of an ejector flap.

fin Spence's1 jet-flap theory, for example, the trailing jet sheet
contains a finite momentum flux and zero mass flux.



32 H.W.WOOLARD J. AIRCRAFT

10

8

C :J 4

2

0

AE /Ae=i.O

0 O.i 0.2 0.3 0.4 0,5

Fig. 7 Exit-momentum augmentation ratio as a function of
the forward-speed ratio and injection-area ratio.

mixing with the secondary air is assumed to be completed
at the end of the constant cross-sectional area region ex-
tending between stations j and e. It is assumed also that
the static pressures of the primary and secondary streams
are equal at the injection station j and that the diffuser-
exit static pressure is equal to the freestream static pres-
sure. In view of the assumption of loss-free flow in the in-
take, the primary nozzle, and the diffuser, Bernoulli's
equation is applicable to these regions.

In the ejector analytics, flow velocities are nondi-
mensionalized by dividing by Uj, where Uj is the velocity
attained by the primary nozzle exhausting isentropically
to the freestream static pressure. This velocity is a mea-
sure of the primary-air total pressure, the quantity most
likely to be held constant during the major portion of a
landing or takeoff operation.

On the basis of the aforementioned assumptions, the
governing equations for the ejector internal flow are

u, + ufi, = UB(I + n,)nD

u? =

(47)

(48)

(49)

Equations (47) and (48) are respectively expressions of
conservation of momentum and mass between stations "/'
and "e" in Fig. 6. These forms of the conservation equa-
tions were derived from the basic forms by appropriate
use of Bernoulli's equation, continuity, and the previously
mentioned assumptions. Equation (49) is a consequence of
the equality of p,s and PJ and the use of Bernoulli's equa-
tion for the primary and secondary flows.

The quantities Uj and UE may be eliminated from Eq.

C;l 1.2

0 O.I 0.2 0.3 0.4 0.5

Fig.- 8 Thrust-augmentation ratio as a function of the for-
ward-speed ratio and injection-area ratio.

Fig. 9 Ratio of net suction coefficient to jet-momentum coef-
ficient as a function of the forward-speed ratio and the injec-

tion-area ratio.

(47) through the use of Eqs. (48) and (49), yielding the
following quadratic equation in Us

2

(50)

where
a, = (ft, + I)2[ft/ - 2(1 + 2ftD

2)fti + 1] (51)

b0 = -4002fty
3 -f 2(2fta4 - Sftj,2 - l)ft,2

i, _ _217 ^12 ^ -4-417 ^17 ^

+ 2(2ftD
4 4- 312D

2 + l)fty
2 + 4ftD

2fty - 2 (53)

c

c2 =2(1

c0 = [ft,2 ~- (1 - 2ft0
2fy)] (54)

c4 =

(55)

(56)

Equation (50) may be solved for Us
2 by the standard qua-

dratic formula. For the sign options preceding the radical,
the negative sign must be selected. The numerics are
much more convenient, however, if Eq. (50) is divided
through by a0 and then solved by the quadratic formula.
In this case, the sign of the radical is given by ( — sgn a0).

Solution of Eq. (50) yields Us as a function of the for-
ward-speed parameter LL , the injection area ratio 1 ,̂ and
the diffuser area ratio 0/> With Us known, UK and Uj can
be determined as functions of (/«,, ft;, and 12 /; by means of
Eqs. (48) and (49). By appropriate substitutions, the ejec-
tor coefficients, GJ, c/*, cj, Ct, CT, CQ, and CQ (see Nomen-
clature) also can be determined as functions of LL, 127-,
and Q/;.

Some selected ejector characteristics as functions of the
forward -speed ratio are shown in Figs. 7-9 for a diffuser
area ratio of unity. For aircraft high-lift operations, for-
ward-speed ratios in the vicinity of 0.1 are to be expected.
This corresponds to a flight velocity of 100 fps and a pri-
mary nozzle velocity of 1000 fps.

Shown in Fig. 7 is the exit-momentum augmentation
ratio c j / c j . This parameter has a value of unity for a jet
flap and is a measure of the increase in the exit-momen-
tum coefficient of an ejector flap over that of a jet flap
having the same primary-air supply pressure ratio. The
parameter, CJ/GJ is important to the lift. It is apparent
from the figure that both forward speed and increased in-
jection-area ratio are beneficial to increasing this ratio.
The thrust, however, behaves differently as may be seen
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Relative lift performance of ejector-flapped and jet-
augmented-flapped wings.

in Fig. 8. It is seen that regardless of the injection-area
ratio the thrust augmentation decreases with forward
speed, reaching values less than 1.1 for speed ratios in ex-
cess of 0.3. At small forward-speed ratios the thrust aug-
mentation increases with increasing injection-area ratio
while at the high ratios the opposite occurs. In the region
of potential interest for high-lift systems (£/«> /Oj ^ 0.1)
the injection-area ratio has little effect, except at the very
low area ratios.

Finally, the behavior of the net suction coefficient with
forward speed is shown in Fig. 9. It is seen in this figure
that the suction coefficient reaches a maximum value at a
particular forward-speed ratio. The maximum suction
coefficient and the corresponding speed ratio are seen to
be a function of the injection-area ratio, although at the
higher area ratios the dependence is rather weak. For area
ratios of interest for high-lift systems (As/Aj ^ 10) the
maximum coefficients occur at forward-speed ratios typi-
cal to high-lift systems. It is seen also from Fig. 9 that for
the maximum suction coefficients and a c.j of unity, c^
and 5f are of the same order of magnitude for flap angles
of approximately 5°.

Relative Lift Performance

The lift performance of an ejector-flapped wing relative
to that of a wing with a jet-augmented flap, based on the
relations given in this paper, is shown in Fig. 10 for typi-
cal values of the pertinent parameters. It can be seen in
the figure that for forward-speed ratios below 0.3 the ejec-
tor-flap lift is substantially superior and continues to in-
crease in superiority as the forward speed is reduced. The
superiority also increases with increasing ejector size as
indicated by the gains accompanying the change in the
relative nozzle height from 0.005 to 0.010. The lift superi-
ority of the ejector-flapped wing also increases with de-
creasing flap deflection. As may be seen in Fig. 11, this
effect is due to the fact that the relative suction contribu-
tion to the lift of the ejector-flapped wing is larger at
lower flap angles.

Conclusions

On the basis of simple mathematical models of the ex-
ternal and internal flows, an integrated theoretical analy-

.20

. 1 0
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Fig. 11 Suction contribution to the lift of ejector-flapped
wings.

sis of the aerodynamics of an ejector-flapped wing has
been presented. The external aerodynamics has been sys-
temized for ease of application by inclusion of a table of
Fourier coefficients. Incompressible, idealized, forward-
speed ejector-flow equations have been presented in a nor-
malized form believed to be most appropriate for interfac-
ing with the external aerodynamics. Some parametric
curves of ejector forward-speed characteristics have been
presented. Although forward-speed effects on exit momen-
tum and net thrust of ejectors are generally well-known, it
is believed to have been worthwhile to re-emphasize these
and cast them in a form appropriate for interfacing with
the external aerodynamics. The delineation of the suc-
tion-flow coefficient characteristics is believed to be new
or at least relatively unfamiliar. The idealized lift perfor-
mance of an ejector-flapped wing relative to a jet-aug-
mented flapped wing has been compared and the ejector
flapped wing was found to be substantially superior at low
forward-speed ratios. Finally, it was determined that the
suction effect on the lift is most significant at low flap an-
gles.

Despite the idealized character of the flow model, it is
believed that it adequately delineates the important
trends. Because of its relative simplicity, it is easily ame-
nable to empirical modification for use as a preliminary
design tool.
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